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ABSTRACT: The continuous decrease of forest cover in Brazil and the growing environmental pressure on forest-originate 
products increase the concern with the protection of the native forests remnants and endangered species such as the cedar 
(Cedrela fissilis Vell.), which has great economic prominence in the country due to the its excellent wood quality. Therefore, 
studying in detail its growth as a basis for its sustainable management in the forests is necessary. Based on the knowledge that 
nonlinear models are traditionally well fit for biological processes, this study aimed to compare the performance of the Brody, 
Gompertz, Logistic and von Bertalanffy models in reconstructing the cedar diametric growth. To that end, we used data from the 
mean diameter at breast height accumulated over time, obtained from non-destructive samples of 85 trees in an environmental 
preservation area. The models were fit using the R software considering the autoregressive error structure as of first order. All 
models demonstrated a good fit, although the Brody model was the best to describe the diametric growth of cedar over time in 
the studied region.
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Modelos não lineares no estudo do crescimento diamétrico
de cedro em floresta tropical sazonalmente seca

RESUMO: A redução contínua da cobertura florestal no país e a crescente pressão ambiental sobre os produtos de origem 
florestal aumentam a preocupação com a proteção dos remanescentes de florestas nativas e das espécies ameaçadas de 
extinção como o cedro (Cedrela fissilis Vell.), o qual tem grande destaque econômico no Brasil devido a excelente qualidade da 
sua madeira. Sendo assim, faz-se necessário o estudo detalhado do seu crescimento como base para seu manejo sustentável 
nas florestas que o contém. Partindo do conhecimento de que os modelos não lineares são tradicionalmente bem ajustados 
para processos biológicos, o objetivo deste estudo foi comparar o desempenho dos modelos Brody, Gompertz, Logístico e 
von Bertalanffy para reconstruir o crescimento diamétrico do cedro. Para isso, foram utilizados os dados do diâmetro à altura 
do peito médio acumulado ao longo do tempo, obtidos de amostras não destrutivas de 85 árvores em área de preservação 
ambiental. O ajuste dos modelos foi feito através do software R considerando-se a estrutura de erros autorregressivos de 
primeira ordem. Todos os modelos apresentaram bons ajustes, porém o modelo Brody apresentou-se como o melhor para 
descrever o crescimento diamétrico de cedro ao longo do tempo na região de estudo. 

Palavras-chave: erros autocorrelacionados; Cedrela fissilis; curva de crescimento; anéis de crescimento; regressão não linear
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Introduction
The loss of forests is something rather considerable in Brazil, 

hence, it is possible observing the importance of sustainable 
forest management practices so that forest resources are 
perpetuated, since as according to Hess et al. (2018), non-
intervention does not guarantee forest conservation; quite 
the contrary, it contributes to growth stagnation and low 
natural regeneration rate. The preservation of native forests 
is something of concern, since forestry research has been 
strongly focused on planted forests; few studies have been 
developed for natural forests, which present several tree 
species at risk of extinction (Martinelli & Moraes, 2013).

Among these species is Cedrela fissilis Vell. (Cedar), with a 
wide distribution over Brazil, occurring more frequent in the 
southern and southeastern areas (CNCFlora, 2020). Cedar is 
among the woods of greater economic interest in the country 
due to its high wood quality and the color similar to mahogany. 
Cedar wood is widely used in civil, naval and aeronautical 
constructions, carpentry, furniture, musical and religious 
instruments, sculptures and even in popular medicine to 
combat fever, wounds and ulcers (Motta et al., 2014). Cedar 
is also used in recovering degraded areas due to its relatively 
fast growth (Cherobini et al., 2008).

Furthermore, species from the genus Cedrela show great 
potential for dendrochronological studies in the neotropics. 
They are deciduous trees during the dry season, reducing their 
cambium activity and thus leading to the formation of well-
defined annual rings, which in turn provide important data 
on the rainfall seasonality in that forest and, consequently, 
the growth cycle of the trees (Granato-Souza et al., 2018; 
Pereira et al., 2018). These annual rings, therefore, record 
the tree growth in each climatic year (reflecting the annual 
rainfall seasonality), thus providing an accurate record of 
growth in diameter from the pith to the bark (Barbosa et al., 
2018). Retrieving this information enables knowing the cedar 
growth patterns by age in native forests, contributing to the 
sustainable management plans and estimates of the carbon 
sequestration.

Analyzing the growth pattern in forest studies is usually 
by regression models means. Some authors found a sigmoid 
behavior in the growth of trees, leading them to employ 
nonlinear regression models (Ribeiro et al., 2017; Barbosa et 
al., 2018). In this case, these models are more appropriate than 
the linear ones in describing the biological processes, since 
they are generally more parsimonious and have parameters 
with practical interpretations (Sousa et al., 2014; Archontoulis 
& Miguez, 2015).

In light of the foregoing, this study aims to model the 
diametric growth of cedar (Cedrela fissilis) according to age, 
from the measurements of its annual growth rings using non-
destructive samples taken from native forest located in the 
far north of Minas Gerais. According to Marcon et al. (2019), 
there are only few studies on how are the growth patterns 
of trees in the Brazilian tropical and subtropical forests. The 
hypothesis that guides this study is that the radial growth of 

Cedrela fissilis species has a direct relation with its age and 
can be described by nonlinear models.

Materials and Methods
The used data is from the permanent collection of the 

Dendroecology Laboratory from the Department of Forest 
Sciences (DCF) of the Federal University of Lavras (UFLA), 
municipality of Lavras/MG.

In the developing of this study, 85 native cedar trees 
chosen by a census sampling of the Cedrela fissilis population 
were used in areas of environmental preservation located 
in the municipality of Juvenília, far north of Minas Gerais 
(latitude 14.50° S and longitude 44.17° W), in a preserved 
fragment of seasonally dry tropical forest. According to the 
nearest weather station (Carinhanha Station-BA, ID: 83408), 
the total annual precipitation in the region is 814 mm, with 
the rainy season in the period from October to March, when 
approximately 90% of this precipitation occurs. The driest 
months are June, July and August, with average precipitation 
below 7 mm in these three altogether. Average monthly 
temperatures range from 22.4 °C to 26.4 °C, with maximum 
monthly temperatures between 29.8 °C and 32.8 °C and 
minimum monthly temperatures between 15.3 °C and 21.1 °C 
(Barbosa et al., 2018; Pereira et al., 2018).

The collection took place in February and May 
2016. Employing a non-destructive technique, thus not 
compromising the survival of sampled individuals, the selected 
samples were those that reached the tree pith. The rays of the 
sampled trees were extracted by using an increment borer 
(5.15 mm in diameter and 400 mm in length) at breast height 
(1.30 m). In the case of collecting more than two rays from the 
same tree, these were ensured to be diametrically opposites.

Radial wood samples were dried at room temperature, 
fixed on wooden supports and polished with a successive 
sequence of abrasive files to enable a clear visualization 
of the wood macroscopic structure by following standard 
dendrochronological procedures (Stokes & Smiley, 1996).

Growth rings were identified with the aid of a 
stereomicroscopic magnifying glass, with their widths 
measured using the LINTAB-6 Scientific digital measurement 
system (Rinntech, 2019), boasting an accuracy of 0.001 
mm. For each sample, the sum of the widths of all rings 
is equivalent to the tree radius, with the double of that 
measurement resulting in the diameter at breast height (DBH) 
of that sampled tree.

Once the data, age and accumulated DBH of the 85 trees 
were obtained, the frequency distribution by age classes was 
constructed (Table 1); the data were grouped using 13 classes, 
where the length of each class equaled 12 years. 

According to Fernandes et al. (2014), the most used 
nonlinear regression models when studying growth curves 
are the following: Brody (Equation 1), Gompertz (Equation 2), 
Logistic (Equation 3) and von Bertalanffy (Equation 4), which 
have its functional form displayed in Table 2 and were fit for 
the mean accumulated DBH (cm) according to the average age 
of each class (years). Ribeiro et al. (2018a), Fernandes et al. 
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(2015), Fernandes et al. (2017) and Fernandes et al. (2019), 
respectively, suggested the parameterizations used.

In Equations 1, 2, 3 and 4, yi represents the i-th observation 
of the mean accumulated DBH in cm, with i ranging from 1 
to 13; xi stands for the average age of the trees, in years; α 
is the asymptotic value, that is, the expected value for the 
maximum mean accumulated DBH; β is related to the curve 
shape, corresponding to the inflection point abscissa for 
the Gompertz, Logistical and von Bertalanffy models and, 
without practical interpretation for the Brody model, whose 
curve has no sigmoidal shape; κ is the index of maturity or 
precocity, which higher values indicates the less time the tree 
needs to reach its asymptotic size; and εi is the random error, 
assumed to have normal distribution, constant variance and 
be independent, that is, εi ~ N(0, σ2).

Based on the first derivative of the model equations, 
the inflection point of the fitted sigmoid models can be 
graphically analyzed, thus allowing verifying the moment 
when the growth of the studied object decelerates, that is, 
when the instantaneous growth rate changes from increasing 
to decreasing, thus coinciding with the change in curve 
concavity. At this point, namely the inflection point, the first 
derivate curve reaches zero.

Finding the inflection point for each fitted model is 
possible based on the parameter estimates (Table 2). Thereby, 

the Logistic model is symmetrical in relation to this point, as it 
occurs exactly during the middle of the maximum development 
of the mean accumulated DBH; whereas the Gompertz 
model, e ≈ 2.7182, reaches this α point at approximately 37% 
maximum development, that is, before the middle; and the 
von Bertalanffy model, even earlier, reaches approximately 
30% of the asymptotic value (Fernandes et al., 2014; Ribeiro 
et al., 2018a).

In order to estimate the model parameters, the least 
squares method was applied. The Gauss-Newton convergence 
algorithm was used as an iterative method and the significance 
of the parameters verified by the Student t test, with v = n – 
p degrees of freedom, with n as the number of observations 
and p the number of model parameters, seen in Ribeiro et al. 
(2018b) and Jane et al. (2019).

After fitting the models, the assumptions of residual 
homoscedasticity, normality and independence were all 
verified through the Breusch-Pagan, Shapiro-Wilk and Durbin-
Watson tests, respectively, at the level of 1% significance. A 
visual analysis of the residuals through graphical distribution 
and residual histogram was also performed. According to 
Fernandes et al. (2014), in order to obtain an adequate 
fitting through regression models, it is extremely important 
validating the assumptions; otherwise, the model is deemed 
as inadequate.

After verifying the residual dependence, the parameters 
were estimated by using the generalized minimum squares 
method, incorporating the autoregressive parameter of the 
order p to the residual, described by (Equation 5):

Table 1. Frequency distribution by age class from mean 
accumulated diameter to breast height (DBH) to describe the 
diametric growth of cedar (Cedrela fissilis).

1Minimum age of the class; 2maximum age of the class.

Table 2. Nonlinear models used to fit the mean accumulated 
DBH (cm) as a function of the average age (years) of cedar 
(Cedrela fissilis) and their respective inflection points.

i 1 i 1 p i p iu u ... u− −= φ + + φ + ε

in which: i = 1, 2, ..., n with n as the number of times that 
growth was measured; ui is the fitting residual in the i-th time;  
φ1 is the autoregressive parameter of order 1; ui-1 is the time 
fitting residual immediately before the i-th measurement; φp 
is the autoregressive parameter of order p; ui-p is the fitting 
residual in p times before the i-th measurement; and εi is 
the white noise, with normal distribution N(0, σ2). For the 
particular case of AR (1) first order, there is ui = φ1 ui-1 + εi 
(Ribeiro et al., 2018b).

The models parameters were estimated, with the 
comparison and model selection that best described the data 
made based on the results found for the corrected fitting 
index (Equation 6), the corrected Akaike information criterion 
(Equation 7), and the standard deviation residual (Equation 8): 

( ) ( )
c

n 1
IA 1 1 IA

n p
− 

= − −  − 
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in which: IA is the fitting index; SQR represents the sum of 
squares of the residuals; n the number of observations, p is 
the number of parameters of the fit model, and QME is the 
residual mean square. The best-fitted model is the one with 
the highest IAc and lowest values for the AICC and DPR.

The estimation of the model parameters, as well as the 
graphic fittings and all the computational part of this research 
were done employing the R statistical software (R Core Team, 
2020), by using the packages “nlme”, “car”, “lmtest” e “qpcR”.

Results and Discussion
After fitting the Brody, Gompertz, Logistical and von 

Bertalanffy models to the mean accumulated DBH data 
as function to the age of the cedar trees, we conducted an 
analysis with the residual vector. Through the Shapiro-Wilk 
and Breusch-Pagan tests, the presuppositions of normality 
and homogeneity of the required variances were met (p > 
0.01) in all fit models, indicating that the residuals vector is 
normally distributed and has constant variance.

Contrary, through the Durbin-Watson test, the presence 
of residual autocorrelation (p < 0.01) was verified for all fit 
models. This was expected since the data for each tree was 
not from the same tree over time only, but also from the same 

sample as it is obtained by dendrochronological techniques, 
thus corroborating Cassiano & Sáfadi (2015), who state that 
observations classified over time and performed on the same 
individual are generally autocorrelated.

In view of the residual dependence, the fitting was 
made once again by the generalized least squares method, 
incorporating the first order autoregressive parameter to the 
models. (φ1), because according to Ribeiro et al. (2018b), in 
presence of autocorrelated errors, it is important to model this 
autocorrelation and incorporate it into the model to ensure 
greater precision in the estimates. Muianga et al. (2016), Muniz 
et al. (2017), Silva et al. (2020) and Jane et al. (2020) all found 
similar results when observing autocorrelated errors in the 
fitting of nonlinear models applied to the growth data in cashew, 
cacao, blackberry and sugar cane varieties, respectively.

After incorporating the first order autoregressive parameter 
(φ1) to the models, a new residual analysis was made and all 
the assumptions associated with the errors of the fit models 
were validated, at the level of 1% significance, indicating that 
the estimates obtained are reliable and the inferences are valid.

Figures 1, 2 and 3 demonstrate that the graphical 
distribution and the histogram of the percentage residuals for 
the Brody, Gompertz, Logistical and von Bertalanffy models, 
with the incorporation of the autoregressive parameter (AR1) 

Figure 1. Graphical distribution of percentage residuals for the mean accumulated DBH (cm) of cedar trees (Cedrela fissilis), in 
which (A) and (C) represent the fit values in relation to the percentage residuals while (B) and (D) are in relation to theoretical 
quantiles for the Brody and Gompertz models with AR1.
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Figure 2. Graphical distribution of percentage residuals for the mean accumulated DBH (cm) of cedar trees (Cedrela fissilis), in 
which (A) and (C) represent the fit values in relation to the percentage residuals while (B) and (D) are in relation to theoretical 
quantiles for the Logistical and von Bertalanffy models with AR1.

Figure 3.  Percentage residuals histogram for the fitting of Brody (A), Gompertz (B), Logistical (C) and von Bertalanffy (D) models 
with the incorporation of the first order autoregressive parameter (AR1).
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for all data of mean accumulated DBH (cm) of cedar trees 
(Cedrela fissilis), corroborate the results obtained with the 
Shapiro-Wilk and Breusch-Pagan tests, showing normality and 
homogeneity in the residuals. 

Table 3 illustrates the estimates of the parameters and 
their respective confidence intervals of 95% probability, 
based on the fitting of the Brody, Gompertz, Logistical and 
von Bertalanffy models, for the mean average DBH (cm) 
measurements of cedar trees (Cedrela fissilis) considering the 
structure of first order autoregressive errors. All estimated 
parameters were significant, by the t test, at 1% significance.

By observing the results in Table 3, we see the parameters 
of the evaluated models are not null since the confidence 
intervals do not include zero, thus indicating quality in their 
estimation. The estimates of the α parameter were very close 
for the Gompertz, Logistical and von Bertalanffy models, 
whereas the Brody model presented a value above the others, 
which can also be found in the studies conducted by Oliveira 
et al. (2000) and Ribeiro et al. (2017).

Cedar can have a DBH between 40 and 80 cm, according 
to Carvalho (2003), agreeing with this study, in which cedars 
in their senile phase, around 150 years old, presented an 
asymptotic value (α) for the mean accumulated DBH within 
the time interval abovementioned for all fit models, indicating 
good fittings. On the other hand, the estimates disagreed 
with the DBH values   cited by Silva (2013) and by Coradin et 
al. (2011). These authors indicated values   between 60 and 
150 cm, which can be justified by the seasonally dry region 
in which the sampled trees are located, since according to 
Pereira et al. (2018), the local rainfall index directly interferes 
with tree growth in the tropics.

The differences found in the parameter value are 
associated with the sigmoidal shape of different curves from 
fit models, which was also verified by Fernandes et al. (2014) 
and Ribeiro et al. (2018b).

By analyzing the curves of the first derivative of the models 
fit for age (Figure 4), it is possible observing the growth rates 
of the studied species. In Figures 4 A, B, C and D, the maximum 

Table 3. Estimates for the parameters and their respective Confidence Intervals (LL; UL) based on the fittings of the Brody, 
Gompertz, Logistical and von Bertalanffy models for the mean accumulated DBH (cm) measurements of cedar trees (Cedrela 
fissilis) considering the structure of first order autoregressive errors (AR1).

Figure 4.  Graphs of growth rates in mean accumulated DBH of cedar obtained through the first derivative of the Brody (A), 
Gompertz (B), Logistical (C) and von Bertalanffy models (D).
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Table 4. Criteria for assessing the fitting quality of the Brody, 
Gompertz, Logistical and von Bertalanffy models with first 
order autoregressive error structure (AR1).

DPR = residual standard deviation; AICC = corrected Akaike infromation criterion; IAc = 
corrected fitting index.

Figure 5.  Fittings of the Brody, Gompertz, Logistical and von 
Bertalanffy models to the data of the mean accumulated 
DBH (cm) of cedar trees (Cedrela fissilis) with first order 
autoregressive error structure (AR1).

point indicates the inflection point (IP) of the curve for fit 
models, which coincide with those verified by the estimates 
of β. Thereby, we verified that the maximum development of 
the mean accumulated DBH was around 37, 45 and 62-years-
old for the von Bertalanffy, Gompertz and Logistical models 
respectively, with a mean accumulated DBH of approximately 
15, 17 and 22 cm for these same models. Each model had 
different ages for the inflection point, with the exception of 
the Brody model, which does not have this point, with the 
Logistics model as the most different from the others, aged 
62 years. For the von Bertalanffy and Gompertz models, we 
concluded that the growth of the cedar starts to decelerate 
when it is 37 and 45-years-old, respectively, which are values   
consistent with the expected for the species in the semiarid 
region. While this information needs to be yet further 
explored, it already demonstrates the data potential for the 
careful planning of cutting cycles and the necessary care in the 
correct model choice, starting from a more conservationist or 
productive viewpoint.

In Table 4, all models indicated a good fit to the data. 
However, as the Brody model had the lowest values for DPR 
and AICC, and the highest value for IAc, it is suggested that it is 
model that best describes the data.

Figure 5 illustrates the fitting graphs of the Brody, 
Gompertz, Logistical and von Bertalanffy models with first 
order autoregressive errors (AR1) structure to the data of the 
mean accumulated DBH (cm). The visual analysis indicates 
that the models fit well to the data of the mean accumulated 
DBH of the trees, with emphasis on the Brody model, which 
was closer to the observed values. The Gompertz, Logistical 
and von Bertalanffy models overestimated the initial the final 
values, something that did not happen with the Brody model.

Based on the criteria used to evaluate the fit quality and 
the visual data analysis, all the fit models were adequate to 
describe the diametric growth of cedar (Cedrela fissilis) in the 
studied region. However, the Brody model had a higher IAC 
value, lower values   for AICC and DPR, and curve closer to the 
observed values, hence considered as the model that best 
described the studied data.

The database provided by the annual tree growth rings 
allows obtaining accurate information on the individual growth 
of the population of same-species trees. In the cedar case, a 
species threatened with extinction yet of great commercial 
appeal in the timber sector, the recovery of growth by age 
in native stands and constructing growth curves in a non-

destructive way, allows access to fundamental data for 
planning the sustainable management in its own areas.

The proper modeling of cedar growth in several areas 
of its wide geographic occurrence in Brazil may help in the 
mapping of promising regions for its commercial planting or 
enrichment of the species in fragments of native forests.

Conclusions
The tested nonlinear models were adequate to describe 

the growth of cedar (Cedrela fissilis) grouped in age classes, 
however, the Brody model was the one that best adhered to 
the data.

Due to the presence of residual autocorrelation, the first 
order autoregressive parameter (φ1) was included, which 
ensured greater precision in the estimates.
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